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I. INTRODUCTION 
In  the  pas t  decade ,  a l a r g e  amount of  research has  been done i n   t h e  
f i e l d  of fatigue crack propagation (1-18). The concept of c r a c k  t i p  s t r e s s  
f ie ld  has  been used to  analyze experimental  data  (6) .  The s t r e s s  i n t e n s i t y  
factor  range,  AK, character izes  crack t ip  cycl ic  deformation and fat igue 
crack propagat ion rate .  Typical  fa t igue crack propagat ion data  are shown i n  
Figure ( la ) .  The da ta  can  be  d iv ided  in to  three  reg ions .  In  the  10r.r AK 
region, region I, the  s lope  of  the  curve  i s  more than four .  A s  AK decreases ,  
d a / a  d e c r e a s e s  r a p i d l y .  The da ta  seems t o  i n d i c a t e  t h e  e x i s t e n c e  of a 
l i m i t i n g  AK value for  non-propagat ing crack.  In  the intermediate  AK region, 
region 11, the  s lope  o f  t he  l i ne  i s  c l o s e  t o  two. The s lope  of t h e  l i n e  i n  
the high AK region, region 111, i s  equa l  t o  o r  h ighe r  t han  fou r .  Add i t iona l  
region I1 d a t a  a r e  shown i n  F i g u r e  ( l b ) .  The s l o p e s  o f  t h e  l i n e s  i n  t h i s  
f i g u r e  a r e  all c l o s e  t o  two. Many t h e o r i e s  have been proposed t o  e x p l a i n  
the  charac te r i s t ics  of  fa t igue  c rack  propagat ion  da ta .  In  th i s  s tudy ,  the  
appl ica t ion  of  AK t o   c o r r e l a t e   f a t i g u e   c r a c k   p r o p a g a t i o n  w i l l  be analyzed. 
Some idea l ized  condi t ions  will be assumed i n  o r d e r  t o  d e r i v e  a func t iona l  
re la t ionship  be tween fa t igue  c rack  propagat ion  ra te  and AK. The devia t ions  
from the ideal ized assumptions w i l l  be examined and t h e i r   e f f e c t s  on f a t i g u e  
crack growth analyzed. This study i s  not a comprehensive survey on f a t i g u e  
crack propagation. O n l y  t hose  r e su l t s  d i r ec t ly  conce rned  with the  appl ica-  
t i o n   o f  AK to  analyze fat igue crack propagat ion F r i l l  be analyzed. 
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Ir. A CRACK IN AN INFINITE PLATE UNDER A CYCLIC LOAD 
When a cracked plate  i s  loaded,  the material near a c r a c k   t i p  undergoes 
plast ic  deformation.  For  a s m a l l  through crack in an i n f i n i t e  p l a t e ,  i f  t h e  
p la te  th ickness  does  not  a f fec t  the  stresses and s t r a ins ,  t he  c rack  l eng th ,  
2a, i s  t h e  o n l y  c h a r a c t e r i s t i c  l e n g t h  of t h e  p l a t e .  The dimensional analysis 
i n  t h e  Appendix i n d i c a t e s  t h a t  t h e  stresses and s t r a i n s  at geometrically 
s imi l a r  Po in t s ,  i . e .  at homologous po in t s  i n  geomet r i ca l ly  similar solids,aJre 
i d e n t i c a l ,  i f  t h e  s o l i d s  are made o f  t he  same mate r i a l  w i th  the  sane s t r e s s e s  
at homologous poin ts  on the boundaries .  The displacements at homologous 
p o i n t s  i n  t h e s e  s o l i d s  are l i n e a r l y  p r o p o r t i o n a l  t o  a. In other words,  i f  
the  geometr ica l ly  similar so l id s  a re  sca l ed  by  the i r  on ly  cha rac t e r i s t i c  
length ,  a, arter s c a l i n g ,  t h e  s t r e s s e s  and s t r a i n s  at t h e  same point of each 
of  these  so l ids  are i d e n t i c a l .  
When a ve ry  l a rge  p l a t e  w i th  a through crack i s  cyc l i ca l ly  loaded ,  t he  
material ahead of a crack t i p  undergoes repeated plastic deformation. When 
a material element i s  v e r y  c l o s e  t o  a c r a c k  t i p ,  t h e  c y c l i c  p l a s t i c  s t r a i n  
range experienced by t h e  material element i s  high and the cyclic deformation 
causes damage. If a material element i s  far away from a c r a c k  t i p ,  t h e  c y c l i c  
p l a s t i c  s t r a i n  r a n g e  i s  low, and t h e  damage i n c u r r e d  t o  t h e  material element 
may be   negl ig ib le .  
I n  t h i s  s e c t i o n ,  a cen t r a l ly  c racked  in f in i t e  p l a t e  w i th  a constant  cy- 
c l i c  app l i ed  s t r e s s  r ange ,  Au and a constant stress r a t i o ,  R = umin/umaX, 
will be  analyzed. L e t  6 a  be a crack increment per cycle. If 6a i s  propor- 
t i o n a l   t o  'a, according to  the  d imens iona l  ana lys i s ,  the  stresses and strains 
experienced by the material element within 6a m u s t  b e   t h e  same regardless of 
t he  l eng th  o f  t he  c rack .  If one assumes tha t  the  deformat ion  and f r a c t u r e  
p rope r t i e s  are homogeneous 
the material  element cause 
where C i s  a proport ional  
one may wr i t e  
1 
and t h a t   t h e  stresses and s t ra ins  experienced by 
crack propagation, one cannot but conclude that 
da/dN = C, a 
I 
constant .  To inc lude  the  e f f ec t s  o f  stress r a t i o ,  
da/dN = f, ( R )  a 
4. 
where f i s  a f'unction  of R.  For a given  value  of R,  f i s  a constant.  1 1 
If a material  element i s  far away from a c r a c k  t i p ,  t h e  s t r e s s e s  and 
s t r a i n s  a r e  low, and t h e  material element i s  not  damaged by the  cyc l i c  
s t r e s s e s  and s t r a i n s .  When a material element  enters  the highly s t ra ined 
r eg ion  c lose  to  a c rack  t i p ,  t he  cyc l i c  s t r a ins  cause  damage. According t o  
the  d imens iona l  ana lys i s ,  t he  s i ze  o f  t he  h igh ly  s t r a ined  r eg ion  must be 
2 
p r o p o r t i o n a l  t o  a. A t  various stages of crack propagation, the stress and- 
s t ra in  cyc les  exper ienced  by the  mater ia l  e lements  a long  the  c rack  pa th  must 
b e  t h e  same, i f  t h e  v a l u e s  o f  (r /a) at t h e s e  p o i n t s  are t h e  same, and i f  t h e  
crack propagates according t o  Equation (1). r i s  d i s t ance  from the  c rack  
t i p .  If 6a i s  p r o p o r t i o n a l  t o  a, t h e  stress and s t ra in  cyc les  exper ienced  
by  the  mater ia l  e lement  in  6a must be  iden t i ca l  r ega rd le s s  o f  t he  c rack  
length .  In  th i s  case ,  Equat ion  (1) i s  val id ,  even i f  t h e  p a s t  stress and 
s t ra in  cyc les  exper ienced  by  a material element p r i o r   t o  i t s  arrival at t h e  
crack t i p  a f f e c t  c r a c k  growth. This problem w a s  first analyzed by Dugdale 
e t  al. using an e l a s t i c  model ( 2 ) ,  and it was subsequently extended by Liu 
t o  e l a s t o - p l a s t i c  s o l i d s  (3). 
Since  the  ma te r i a l s  at homologous points  experience the same s t r e s s e s  
and s t r a i n s ,  t h e  s i z e  o f  t he  p l a s t i c  zone ,  r must b e  p r o p o r t i o n a l  t o  a. 
Therefore, Equation (1) can a l so  be  wr i t t en  as 
P' 
o r  
where C2 i s  a propor t iona l  cons tan t ,  and f2  i s  a func t ion  of  R .  
In  the  der iva t ions  of  Equat ions  (1 and 2) ,  two assumptions were made: 
namely the  c rack  length  i s  t h e  o n l y  c h a r a c t e r i s t i c  l e n g t h  and t h e  m a t e r i a l  
i s  homogeneous. The former condition i s  s a t i s f i e d  i f  the  c racked  p l a t e  i s  
t h i c k  enough so t h a t  t he  p l ane  s t r a in  cond i t ion  p reva i l s .  When a p l a t e  i s  
thin,  necking occurs ,  and necking i s  s t rongly  a f fec ted  by  p la te  th ickness .  
I n  t h i s  case,  both crack length and plate  thickness  are  important  length 
parameters   that   affect   p last ic   deformation.  The crack  length  alone  cannot 
be used t o  s c a l e  t h e  geometry  of a cracked plate.  In other words,  even when 
6a i s  p r o p o r t i o n a l  t o  a, t h e  s t r e s s e s  and s t r a i n s  w i t h i n  &a do not remain 
t h e  same, as the  crack  propagates.   Therefore,   Equations (1 and 2 )  a r e  no 
longer  va l id .  The e f f e c t s  o f  p l a t e  t h i c k n e s s  w i l l  be  d iscussed  in  more de- 
t a i l  i n  Sec t ion  I V .  
In  the  der iva t ions  of  Equat ions  (1 and 2)  we have assumed t h e  homo- 
geneity of the deformation and f rac ture  proper t ies  of  the  mater ia l  e lements  
along the crack path.  In other words,  i f  t h e  material  elements have ex- 
p e r i e n c e d  i d e n t i c a l  s t r e s s  and s t ra in  cyc les ,  these  e lements  w i l l  have t h e  
same response t o  t h e  same load during the next  cycle .  If t h e  material 
elements are not homogeneous, the  deformat ions  wi th in  the  6a's at var ious  
stages of crack propagation may not  be  the  same,  even i f  t h e  6a's are pro- 
p o r t i o n a l  t o  t h e i r  r e s p e c t i v e  c r a c k  l e n g t h s .  Even i f  t he  deformation within 
6a's a r e  t h e  same, t he  f r ac tu re  p rope r t i e s  o f  t hese  e l emen t s  may d i f f e r ,  i f  
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these. elements are not  homogeneous. The condi t ion of  material homogeneity 
assures that  each crack increment ,  6a, i s  p r o p o r t i o n a l  t o  a. When one 
measures fat igue crack propagat ion rate, a crack increment  of  cer ta in  meas- 
urable  length ,  Aa, and i t s  corresponding increment i n  l oad  cyc le s ,  AN, are 
measured. For t h e  p r a c t i c a l  a p p l i c a t i o n s  o f  E q u a t i o n s  (1 and 2 )  ,on ly  the  
average deformation and fracture properties over the crack increment,  Aa, 
need t o   b e  homogeneous, p r o v i d e d  t h a t  t h e  c h a r a c t e r i s t i c  l e n g t h s  o f  t h e  
discrete  deformation and f r ac tu re  p rocesses  are much smaller than  6a, so t h a t  
these  processes  can  be  t rea ted  as cont inuous.  In  the fol lowing discussions,  
the condi t ions of  homogeneous average  proper t ies  and the cont inuous deforma- 
t i o n  and f rac ture  processes  over  6a will be  ca l l ed  the  cond i t ions  o f  material 
homogeneity. These conditions w i l l  b e  d i s c u s s e d  i n  d e t a i l  i n  S e c t i o n s  V and 
V I .  
According t o  the  d imens iona l  ana lys i s  i n  the  Appendix, t h e  stresses and 
s t r a i n s  at homologous po in t s  i n  geomet r i ca l ly  similar s o l i d s  are i d e n t i c a l ,  
i f  t h e  boundary s t resses  are i d e n t i c a l  at geometr ica l ly  similar regions on 
the boundaries .  Two o p p o s i t e  l i n e  wedge fo rces ,  F, ac t ing  at t h e  mid-points 
of t he  c rack  su r faces  are shown i n  F i g u r e  ( 2 ) .  A l i n e  f o r c e  F, can b e  con- 
s ide red  as t h e  t o t a l  f o r c e  g i v e n  b y  a stress ac t ing  on a very narrow str ip .  
F = l i m  0 AW 
AW+O 
where AW i s  the  wid th  of  the  nar row s t r ip .  If crack  length ,  a,  i s  t h e  o n l y  
length parameter ,  the width,AW, must b e  l i n e a r l y  p r o p o r t i o n a l  t o  a, i n  o r d e r  
t o  main ta in  the  condi t ion  tha t  the  boundary  stresses are t h e  same a t  homo- 
logous  poin ts .  Therefore ,  in  order  to  main ta in  the  condi t ion  tha t  g ives  
r ise t o  i d e n t i c a l  stresses and strains a t  homologous p o i n t s ,  t h e  l i n e  f o r c e  
F must i nc rease  l i nea r ly  wi th  a. Therefore da/W i s  p r o p o r t i o n a l  t o  a,  i f  F 
i s  kep t  p ropor t iona l  t o  a. 
In  the  Appendix, t h e  s t r e s s  i n t e n s i t y  f a c t o r  of a c r a c k e d  i n f i n i t e  p l a t e  
wi th  two opposi te  wedge fo rces  ac t ing  a t  the mid-points of the crack surfaces 
i s  shown as 
K = C  - F 3c 
where C i s  a propor t iona l   cons tan t .  If t h e  a p p l i e d  l i n e  f o r c e s  are pro- 
p o r t i o n a l  t o  a ,  t h e  stress i n t e n s i t y  f a c t o r  i s  p r o p o r t i o n a l  t o  s I n  t h i s  
case,  i f  da/diV i s  p ropor t iona l  t o  the  squa re  of t h e  stress i n t e n s i t y  f a c t o r  
range, A$, it must b e  p r o p o r t i o n a l  t o  a. Consequently,  dimensional  analy- 
s is  i s  a p p l i c a b l e  t o  t h e  c a s e  o f  c o n c e n t r a t e d  l i n e  f o r c e  i f  appropr ia te  
dimensionless  parameters  are  chosen. If Equations (1 and 2 )  do not  agree 
with the experimental  data ,  it i s  not because dimensional analysis i s  not 
a p p l i c a b l e  t o  f a t i g u e  c r a c k  growth  as  claimed ear l ie r  ( 7 ) .  Rather ,  the  
discrepancy i s  caused by the fact  that  one o r  more o f  the assumptions in  the 
der iva t ions  o f  Equations (1 and 2 )  are n o t  s a t i s f i e d .  
3 
4 
Following the same analysis ,  Equat ions (1 and 2) can be shown appl icable  
t o  a penny shaped crack i n  an i n f i n i t e   s o l i d  under a un i fo rm cyc l i c  t ens i l e  
s t ress .  For  two oppos i te  po in t  forces ,  F, appl ied at the  cen te r s  of t h e  c i r -  
cular  crack surfaces ,  da/dN i s  p r o p o r t i o n a l  t o  a, i f  F i s  kept  proport ional  
t o  a . 2 
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111. FATIGUE CRACK PROPAGATION RATE AND STRESS INTENSITY  FACTOR RANGE 
The a p p l i c a t i o n  o f  s t r e s s  i n t e n s i t y  f a c t o r  r a n g e  t o  t h e  a n a l y s i s  o f  
fa t igue crack propagat ion rate i s  one of the most important contributions t o  
t h e  s t u d y  o f  f a t i g u e  i n  r e c e n t  y e a r s  ( 6 , 7 ) .  An overwhelming amount of  da t a  and 
numerous  models on t h e  c o r r e l a t i o n  o f  da/dN with AK e x i s t .  A general  survey 
w a s  made by P a r i s  and  Johnson (18). This  sect ion presents  a deductive ana- 
l y s i s ,  which helps to  in t e rp re t  expe r imen ta l  da t a  and a i d s  i n  e v a l u a t i n g  
various models of fatigue crack propagation. 
The e l a s t i c  s t r e s s e s  i n  a cracked plate can be expressed i n  terms of i n -  
f i n i t e  s e r i e s  (19). Close t o  a c r a c k  t i p ,  t h e  e l a s t i c  s t r e s s e s  can be  ap- 
proximated by (19,201 
0 = -  K cos ( e / 2 )  s i n  (e/2) s i n  ( 3 e / 2 )  
“ Y p F  
u = o  for p lane   s t r e s s  ca e  
Z Z  
(5 = v (axx + an) fo r   p l ane   s t r a in   ca se  
Z Z  
where r and 8 a r e  po la r  coord ina te s ,  w i th  the  c rack  t i p  as t h e  o r i g i n  and t h e  
c rack  ly ing  a long  the  l ine  8 = TT, which coincides with the negative x-axis.  
Equations ( 5 )  give good approx ima t ions  o f  t he  e l a s t i c  s t r e s ses ,  on ly  i f  t h e  
d is tance  from t h e  c r a c k  t i p ,  r ,  i s  small enough.  Let re b e  t h e  s i z e  o f  a 
small region near a c r a c k  t i p  w i t h i n  which Equations ( 5 )  a r e  v a l i d .  If a 
mater ia l  i s  e las to-p las t ic ,  the  h igh  s t resses  ne= a c r a c k  t i p  c a u s e  p l a s t i c  
deformation.  Therefore, a s m a l l  region  of   plast ic   deformation,  r e x i s t s  
at t h e  c r a c k  t i p .  Both re and r a r e  shown schemat ica l ly  in  F igure  ( 3 ) .  
When plastic  deformation  occurs  ’within r t h e  s t r e s s e s  i n  t h e  v i c i n i t y  of 
t he  c rack  t i p  a re  r e l axed .  Because  of  the stress r e l a x a t i o n ,  t h e  a c t u a l  
s t r e s s e s  on r d i f f e r  from t h e  c a l c u l a t e d  e l a s t i c  s t r e s s e s  b y  an amount bo.  
6u var ies  a long  r . It must  be s t a t i c a l l y  i n  e q u i l i b r i u m  by i t s e l f .  There- 
f o r e ,  i t s  r e su l t an t  fo rce  and r e s u l t a n t  moment must  be  zero.  According t o  
S a i n t  Venant ’s  pr inc ip le  the  change  of  the  s t resses  on r caused by the 
s t r e s s  r e l a x a t i o n  6 0 ,  must   be  negl igible ,  i f  r >> r . I f  t h e  r e l a x a t i o n  
o f  t h e  s t r e s s e s  on r i s  n e g l i g i b l e ,  t h e  s t r e s s e s  on r a r e  e s s e n t i a l l y  
P’ 
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those given by Equat ions (51, and the  va lue  o f  K i s  s u f f i c i e n t  t o  c h a r a c -  
t e r i z e  t h e  stresses and s t r a i n s  w i t h i n  r even i f  p las t ic  deformat ion  takes 
place.  The condi t ion ,  r >> r can   be   r ea l i zed   e i the r  i f  r i s  ve ry   i a rge  
or i f  r i s  very s m a l l .  r increases  with  specimen  size  and  crack  length.  
r i s  s m a l l  i f  t h e  y i e l d  s t r p g t h  o f  a material i s  high and t h e  a p p l i e d  
stress i s  low. 
P' 
e P e 
P e 
P 
When a c y c l i c  l o a d  i s  a p p l i e d ,  t h e  c y c l i c  stresses and c y c l i c  s t r a ins  
wi th in  r must be  prescr ibed  by  the  stress i n t e n s i t y  f a c t o r  r a n g e ,  AK, and 
the stress r a t i o  R .  The h igh  s t r a in  g rad ien t  nea r  a c r a c k  t i p  i n d u c e s  uzz  
CI and u and the i r   co r re spond ing   s t r a in  components.  These stresses and 
s t r a i n s  and t h e i r  e f f e c t s  on o t h e r  c r a c k  t i p  stress and s t r a i n  components are 
s t rong ly  a f f ec t ed  by  p l a t e  t h i ckness .  Crack t i p  deformation has been measured. 
The results o f  t h e s e  measurements c l e a r l y  i n d i c a t e  t h a t  c r a c k  t i p  d e f o r m a t i o n  
i s  af fec ted  by  AK, R, and p la t e  t h i ckness  (21 ) .  If fat igue crack propagat ion 
i s  caused by t h e  stresses and s t ra ins  exper ienced  by t h e  material element a t  
the  c rack  t ip ,  one  concludes  tha t  da/dN i s  a M c t i o n  o f  AK, R, and p l a t e  
th ickness ,  i. e. 
P 
xz Y= 
d a / a  = f (AK,  R, t h i ckness )  
3 
If a p l a t e  i s  t h i c k  enough, so t ha t  t h e  state o f  p l a n e  s t r a i n  p r e v a i l s ,  
Equation ( 6 )  can be w r i t t e n  as 
da/dN = f4  ( A K ,  R) 
The func t iona l  r e l a t ion  between da/dN and AK, R, and p la t e  t h i ckness  can be 
found empirically. The th i ckness  e f f ec t  on da/dN has  been  observed (io). 
The above conclusion i s  n o t  s u b j e c t  t o  the  l imi ta t ions  of  ' 'mater ia l  
homogeneity". It i s  v a l i d  even i f  t he  crack propagation mechanism i s  a 
discrete  process .  Equat ions ( 6  and 7 )  were deduced  from the s imple assump- 
t i o n  t h a t ,  w i t h  the  same appl ied  cyc l ic  stresses on r t h e  same events  must 
happen  and da/dN must be t h e  same. But it does not  es tabl ish any func t iona l  
r e l a t i o n  between da/d.N and AK. 
e '  
N e x t  w e  want t o  deduce a s p e c i f i c  r e l a t i o n  between da/dN and AK f o r  a 
t h i c k  p l a t e  and f o r  a material which i s  "homogeneous" i n  i t s  deformation 
and f r ac tu re  p rope r t i e s .  L e t  us examine the  s t r e s s e s  and s t r a i n s  n e a r  t h e  
c r a c k  t i p s  i n  p l a t e s  l o a d e d  t o  v a r i o u s  AK values.  The specimens are t h i c k  
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enough so tha t  t he  cond i t ion  o f  p l ane  s t r a in  p reva i l s .Assume  tha t  t he  va lue  o f  
R i s  t h e  same f o r  a l l  the specimens.  If the  cond i t ion  o f  re >> r i s  satis- 
f i e d  i n  all cases and i f  we l e t  re be p r o p o r t i o n a l  t o  ( A K I 2 ,  t h e  stresses at 
t h e  homologous po in t s  on the boundaries  of  re's must be t h e  same. If we 
look at r as i so l a t ed  f rom the  rest of a specimen, r i s  the  on ly  l eng th  
pa rame te r  o f  t he  r eg ion  o f  i n t e re s t  t o  u s .  The re fo re ,  t he  r eg ions  nea r  t he  
c r a c k  t i p s  c a n  b e  s c a l e d  b y  t h e i r  r e s p e c t i v e  r ' s .  The dimensional  analysis  
i n  t h e  Appendix concludes t h a t  t h e  s t r e s s e s  and s t r a i n s  at t h e  homologous 





t o  r . Under a cyc l i c  l oad ,  r fo r  cyc l i c  p l a s t i c  de fo rma t ion  must be pro- e  P 
p o r t i o n a l  t o  AKc, and it must b e  r e l a t e d  t o  t h e  c y c l i c  y i e l d  s t r e n g t h  o f  a 
material. If each  crack  increment i s  p r o p o r t i o n a l   t o  i t s  r t h e   c y c l i c  
stresses and s t ra ins  within every increment  must  be ident ical .  If t h e  con- 
d i t i on  o f  ma te r i a l  homogeneity i s  satisfied,  one cannot but conclude: 
P)  
da/dN = f 5  (R) r 
P 
o r  
da/DN = f6  (R) AK 2 ( B b )  
Equation (8b) has been shown a p p l i c a b l e  t o  t h i c k  p l a t e s  made of nineteen 
materials (11,22). Some o f  t h e  d a t a  are shown i n  F i g u r e  ( l b ) .  
The cond i t ions  tha t  l ead  to  Equa t ions  (8a and  8b) are r >> r , plane e P 
s t r a i n  state of s t r e s s e s  and s t r a i n s ,  and material homogeneity.  This first 
condi t ion i s  s a t i s f i e d  i f  r i s  much smaller than  the  c rack  length  and  the  
l igament  s ize  of  a specimen or i f  the  app l i ed  stresses are much lower than 
the  y i e ld  s t r eng th  o f  a material. Both t h i c k n e s s  e f f e c t  and ma te r i a l  homo- 
genei ty  w i l l  be  d iscussed  in  subsequent  sec t ions .  
P 
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I V .  THICKNESS  EFFECTS ON CRACK TIP DEFORMATION AND FATIGUE CRACK PROPAGATION 
The conclus ion  tha t  da/dN i s  p r o p o r t i o n a l  t o  a or r i s  v a l i d ,  i f  a two- 
dimensional  analysis  i s  a p p l i c a b l e  t o  a cracked  p la te ,  so  t h a t  a or r i s  t h e  
only relevant length parameter.  Both plane stress and plane s t ra in  analyses 
are frequently used for two-dimensional plate problems. If a p l a t e  i s  very 
t h i c k ,  p l a n e  s t r a i n  a n a l y s i s  i s  applicable;  and i f  a p l a t e  i s  very t h i n ,  
plane stress ana lys i s  i s  o f t en  used .  In  e i the r  model,  one assumes t h a t  t h e  
stresses and s t r a i n s  are independent  of  plate  thickness .  If p la t e  t h i ckness  
a f f e c t s  t h e  stresses and s t r a i n s ,  a s i n g l e  l e n g t h  parameter such as a or r 
P 
i s  n o t  s u f f i c i e n t  t o  c h a r a c t e r i z e  t h e  state of  stresses and s t r a i n s  n e a r  a 
c r a c k  t i p .  The th ickness   parameter   has   to  be t aken  in to  cons ide ra t ion .  In  
th i s  case ,  Equat ions  (1,2,7, and 8) are no longer  va l id .  
P 
P 
The p lane  s t ra in  and  p lane  stress analyses  are ideal ized models .  The 
stresses and s t r a i n s  n e a r  a c r a c k  t i p  i n  a p l a t e  are much more complicated. 
The high stresses near  a c rack  t ip  cause  p las t ic  deformat ion .  The p l a s t i c  
s t r a i n s  E’ and E’ are very high  near a c r a c k  t i p .  The condi t ion  of  volume 
constancy  requires   that  E’ = - (E= + E’ ) .E’ i s  the  con t r ac t ion  of t he  
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p l a t e  t h i ckness .  A h igh  s t r a in  g rad ien t  ex i s t s  nea r  a c r a c k  t i p .  A region 
c l o s e r  t o  a c r a c k  t i p  has h i g h e r  s t r a i n s  and  tends  to  cont rac t  more.  But t h e  
region i s  cons t ra ined  f rom cont rac t ion  by  the  reg ion  of  lower  s t ra ins  farther 
out.  This cons t r a in t  resists th ickness  cont rac t ion  and  induces  the  tensi le  
stress, 0 and t h e  e l a s t i c  t e n s i l e  s t r a i n ,  & E Z  i n  t h e  d i r e c t i o n  o f  t h e  
p l a t e  t h i c k n e s s .  I n  t h e  i n t e r i o r  o f  a ve ry  th i ck  p l a t e ,  t he  d i sp lacemen t  in  
the  th i ckness  d i r ec t ion  i s  neg l ig ib ly  s m a l l ,  and the deformation approaches 
t h a t  o f  p l a n e  s t r a i n .  On t h e  p l a t e  s u r f a c e ,  s t r e s s e s  must be zero,  there- 
f o r e  t h e  c o n d i t i o n s  o f  p l a n e  s t r e s s  p r e v a i l .  For a t h i c k  p l a t e ,  t h e  s ta te  
of s t r e s s e s  and s t r a i n s  changes gradually from tha t  of  plane stress on t h e  
s u r f a c e  t o  t h a t  o f  p l a n e  s t r a i n  i n  t h e  i n t e r i o r .  T h i s  i s  t r u e  i f  t h e  p l a s -  
t i c  zone s i z e  i s  small re la t ive t o  t h e  p l a t e  t h i c k n e s s .  It i s  also c l e a r  
that  the  rate o f  t r a n s i t i o n  from the  s t a t e  of  p lane  stress on t h e  s u r f a c e  t o  
the  s ta te  o f  p l a n e  s t r a i n  i n  t h e  i n t e r i o r  depends  on s t r a i n  g r a d i e n t .  If 
the  gradien t  i s  high,  the  t r a n s i t i o n  i s  fas t ,  and i f  the  grad ien t  i s  low, 
t h e  t r a n s i t i o n  i s  slow. If there i s  no s t r a i n  g r a d i e n t  i n  t h e  p l a n e  o f  a 
p l a t e ,  t e n s i l e  stress in  the  p l a t e  t h i ckness  d i r ec t ion  canno t  be  induced ,  
regard less  of  how t h i c k  t h e  p l a t e  i s .  Close t o  a c r a c k  t i p ,  the  s t r a i n  
gradient  i s  s t eep  and the  rate o f  t r a n s i t i o n  i s  fast. A t  a shor t  d i s tance  
away from t h e  p l a t e  s u r f a c e  the  t r a n s i t i o n  t o  the s ta te  o f  p l ane  s t r a in  i s  
completed. A s  r increases ,  the s t ra in  gradient  decreases ,  and the thickness  
of t h e  t r a n s i t i o n  l a y e r  i n c r e a s e s .  F a r  away from a c r a c k  t i p ,  t h e  state of  




A schematic picture o f  the p l a n e   s t r a i n  plast ic  zone i n  a t h i c k  plate 
near  a crack t i p  i s  shown i n  F i g u r e  ( 4 ) .  The s i z e  of t h e  p l a n e  s t r a i n  zone 
starts from zero on the plate  surface and grows t o   t h e  fu l ly  developed s ize  
i n   t h e   i n t e r i o r ,  i f  a p l a t e  i s  t h i c k  enough. I n  t h e  i n t e r i o r  of  a t h i c k  
p l a t e ,   t h e   p l a n e   s t r a i n   p l a s t i c   z o n e ,  r co inc ides   wi th  r . Close t o  t h e  
p l a t e   s u r f a c e  r becomes b igger ,  but r becomes smaller. The length  o f  t h e  
fu l ly  deve loped  p lane  s t ra in  reg ion ,  TI, re lat ive t o  t h e  s i z e  o f  t h e  t r a n s i -  
t i on  r eg ion ,  depends on t h e  s i z e  o f  t h e  p l a s t i c  zone relative t o  t h e  p l a t e  
th ickness .  0 i s  l o n g e r  f o r  a t h i c k e r  p l a t e  and a smaller r . Within the 
p l a n e  s t r a i n  r e g i o n ,  t h e  maximum t e n s i l e  stress i s  much h i g h e r  t h a n  t h a t  i n  
t h e  t r a n s i t i o n  r e g i o n .  It should be pointed out  that  even i f  the  condi t ions  
o f  p l ane  s t r a in  are s a t i s f i e d  w i t h i n  r i n  t h e  t r a n s i t i o n  layer, t h e  
s t r e s ses  and  s t r a ins  at a given dis tange r are n o t  t h e  same as t h o s e  i n  t h e  
i n t e r i o r  o f  t h e  specimen.  This i s  obvious because the stresses j u s t  o u t s i d e  
of  r a re   no t   t he  same i n  t h e s e  two d i f f e ren t   r eg ions .  However, t h i s   d i f -  
ference decreases with r. A t  a sho r t  d i s t ance  from a c r a c k  t i p  i n  a very 
t h i c k  p l a t e  t h e  stresses and s t r a ins  a long  the  en t i r e  c rack  f ron t ,  excep t  two 
s m a l l  regions near both ends , agree  wi th  tha t  o f  a p l ane  s t r a in  case .  If t h e  
s t r e s s  and s t r a i n  c y c l e  at a c rack  f ron t  con t ro l s  t he  rate of crack propaga- 
t i o n ,  and i f  t he  cond i t ion  o f  p l ane  s t r a in  toge the r  w i th  o the r s  are m e t ,  
Equations (1, 2, 7,  and 8) are v a l i d  and  appl icable  to  th ick  p la tes .  





I n   t h e  t r a n s i t i o n  l a y e r ,  r i s  
P 
l a r g e r  than  r .  
PE 
A material element 
reaches r f i r s t y t h e n  it e n t e r s  r . The material i n  t h e  t r a n s i t i o n  l a y e r  
experiences more c y c l e s  o f  p l a s t i c  s t r a i n  and t h e  a m p l i t u d e s  o f  t h e  s t r a i n  
cycles  are h ighe r  t han  those  in  the  p l ane  s t r a in  r eg ion .  I f  t h e  c y c l i c  p l a s -  
t i c  deformation alone causes damage and crack propagation, da/dN i n  t h e  
t r a n s i t i o n  l a y e r  s h o u l d  b e  f a s t e r .  On t h e  o t h e r  hand, t h e  m a x i m u m  t e n s i l e  
stress i n  t h e  p l a n e  s t r a i n  r e g i o n  i s  much h i g h e r ,  t h e r e f o r e  t h e  material 
t h e r e  can s u s t a i n  much less  t o t a l  c y c l i c  p l a s t i c  s t r a i n .  This h i g h  t e n s i l e  
stress in  the  p lane  s t ra in  reg ion  increases  c rack  propagat ion  ra te .  Appar- 
e n t l y ,  t h e  h i g h  t e n s i l e  stress i n  t h e  p l a n e  s t r a i n  r e g i o n  h a s  a more dominant 
e f f e c t  on crack propagation rate. Consequently, t h e  c e n t e r  p o r t i o n  o f  a crack 
front  propagates  faster and it l e a d s  t h e  two ends as shown schemca t i ca l ly  in  
Figure ( 5 ) .  B i s  t h e  d i f f e r e n c e  i n  t h e  c r a c k  l e n g t h s  i n  t h e  specimen  in- 
t e r i o r  and t h e  specimen surface. The cu rva tu re  o f  t he  c rack  f ron t  i n  the  
t rans i t ion  reg ion  causes  an i n c r e a s e  i n  t h e  s t r a i n  from t h a t  o f  a s t r a i g h t  
c rack  f ront .  This  increase  in  s t r a in  increases  da/dN i n  t h e  t r a n s i t i o n  re- 
gion, so t h a t  t h e  l a g ,  B , of  the  su r face  c rack  i s  reduced. If t h e  lag i s  
s m a l l  i n  comparison with the overall  crack length,  a, t h e  measured crack pro- 
pagation ra te  i s  e s s e n t i a l l y  t h a t  i n  t h e  i n t e r i o r  of  a specimen. If B i s  
l i n e a r l y  p r o p o r t i o n a l  t o  AK , t h e  measured d a / m  d i f f e r s  from t h e  rate i n  t h e  
i n t e r i o r  by a small cons t an t  f ac to r .  In  e i the r  case ,  a p l a n e  s t r a i n  a n a l y s i s  
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a r e  v a l i d  f o r  a thick plate.  Clark and Trout (11) t e s t e d  Ni-Mo-V a l l o y  
s t e e l  at both 75'F and O'F. A s  t h e  specimen thickness increases from 1 inch  
t o  2 inches,  the experimental  data conform t o  Equation (8b). 
When a p l a t e  i s  th in ,  p l ane  stress ana lys is  i s  of ten used.  When s t r a i n  
i s  not excessive,  a two-dimensional plane stress model can be a very good 
approximation. When s t r a in  exceeds  ce r t a in  limit, loca l  necking  takes  p lace ,  
and the stresses and s t ra ins  a re  f 'unc t ions  of  p la te  th ickness  and  the  co- 
ord ina te  Z,  which i s  normal to  the  p l a t e .  Consequen t ly ,  a o r  r alone i s  not 
s u f f i c i e n t  t o  c h a r a c t e r i z e  t h e  stresses and s t r a ins  wi th in  the  ' h igh ly  
s t ra ined region ahead of  a c r a c k  t i p .  The assumption of geometric similitude 
i s  no longer met,  and the validity of Equations (1, 2, 7, and 8) has t o  b e  
examined.  Both s t eep  s t r a in  g rad ien t  and  excess ive  loca l  s t r a in  concen t r a -  
t ion ahead of  a crack t i p  enhance necking. Figure (6)  shows a schematic dia- 
gram o f  a necked region imbedded i n  a p l a s t i c  zone. 
After  necking takes  place,  the mater ia ls  above and below the narrow 
s t r i p  deform  very l i t t l e .  The opening  displacement, v, and the  l eng th  o f  
t he  s t r ip  neck ing  r eg ion  were ca l cu la t ed  by Dugdale (23 ) ,  Goodier and Fields 
(24), Bi lby ,  Co t t r e l l ,  and  Swinden (25)  and  Rice ( 2 6 ) .  In  these  ca l cu la t ions ,  
the  overa l l  c rack  length  w a s  assumed t o   b e   t h e  sum of  the  l eng th  of t h e   r e a l  
c rack  and  the  length  of  the  s t r ip  necking  reg ion .  On the  su r faces  o f  t h e  
r ea l  c r ack ,  t he  s t r e s ses  a re  ze ro .  On the upper and the lower boundaries of  
t h e  s t r i p  necking region, a t e n s i l e  s t r e s s  e q u a l  t o  t h e  y i e l d  s t r e n g t h  o f  
t h e   m a t e r i a l ,  IJ i s  appl ied .   Ef fec t ive ly ,   the  model  assumes an e l a s t i c  and 
per fec t ly  p las t lc  so l id .  P las t ic  deformat ion  i s  r e s t r i c t e d  t o  t h e  s t r i p  
necking  zone, and t h e  r e s t  o f  t h e  p l a t e  i s  e l a s t i c .  The opening  displacement 
v i s  given by 
Y' 
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2 s i n  ( e ,  - e )  ( s i n  e + s i n  e )  
s i n  ( e ,  + e )  ( s i n  e - s i n  e )  
v ( x , a )  = - [cos e l og  + COS e2 log 2 1 
2 
where 
and a i s  the  ha l f  c r ack  l eng th ,  and R i s  t h e  sum o f  a and the  l eng th  o f  t he  
s t r i p  necking  zone, r . For s m a l l  s ca l e  y i e ld ing  
P 
11 
r p = ITK /by 2 2  
A t  t h e  c r a c k  t i p ,  t h e  relative opening displacement between the upper and the 
lower crack surfaces i s  
6 0 = </Eoy (11 1 
The opening displacements  in  a t h i n  s t ee l  shee t  were measured using moire 
method (27) .  F igure  (7 )  shows t h e  p i c t u r e  o f  t h e  m o i r e  p a t t e r n  o f  a s l o t t e d  
t h i n  s teel  sheet  under a t e n s i l e  l o a d .  The s t e e l  s h e e t  i s  0.012  inches 
thick and 6 inches wide. The s l o t  i s  a one inch long jeweler's saw cut  
0.007 inches wide. The reg ion  of  s t r ip  necking  at t h e  end  o f  t he  th in  s lo t  
i s  c l e a r l y  v i s i b l e .  Both the  ca l cu la t ed  and  measured  opening  displacements 
a r e  p l o t t e d  i n  F i g u r e  ( 8 ) .  The  measured  and the  ca l cu la t ed  va lues  at each  end 
o f  t h e  s l o t  show good agreement. 
When necking takes place,  shear deformation occurs on two mutually ortho- 
gonal  planes.  Both planes are  incl ined a t  45' t o  t h e  axis o f  t h e  t e n s i l e  l o a d  
and t o  t h e  p l a n e  o f  t h e  p l a t e .  As s l i p  takes p lace  ,on  these  two planes , t h e  
shee t  th ickness  i s  reduced.  Figure ( 9 )  i s  a schematic  diagram  showing t h e  
opening  displacements v, and the  th i ckness  con t r ac t ion  w. The th ickness  con- 
t r a c t i o n  i n  t h e  s t r i p  n e c k i n g  r e g i o n  was measured with a microscope. The 
microscope w a s  f i r s t  focussed on t h e  specimen surface, then on the bot tom of  
the necking region.  The r educ t ion  o f  t he  specimen thickness i s  t h e  d i f f e r e n c e  
of the readings on the micrometer, which i s  a t t ached  to  the  mic roscope  fo r  
focus adjustment. Because of the shallow depth of focussing at high magnifi- 
ca t ions ,  t he  th i ckness  con t r ac t ion  can  be measured  accurately.  Both  opening 
displacement and thickness contraction were measured a f t e r  t h e  specimen was 
unloaded. The measurements are shown in   F igu re  ( 1 0 ) .  The values of t h e  t h i c k -  
ness  cont rac t ions  and opening displacements agree very w e l l  with each other.  
The ave rage   con t r ac t ion   s t r a in   i n   t he   t h i ckness   d i r ec t ion ,  E w i t h i n   t h e  
s t r ip  necking  reg ion  i s  given by z z  
& = 2w/t = -2v/t  z z  
where t i s  p l a t e   t h i ckness .  Assuming  volume constancy  and  that  E i s  neg- 
l i g ib l e ,  t oge the r  w i th  the  r e l a t ion  between K and v ( 2 6 ) ,  we obta in  
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f o r  small sca l e  y i e ld ing ,  where r i s  the  l eng th  of t h e  s t r i p  n e c k i n g  zone 




Therefore  both the length of  a s t r ip  neck ing  r eg ion  and  the  s t r a in  in  the  
r eg ion  a re  p ropor t iona l  t o  8. The necking model gives a s t r a i n  which i s  
inve r se ly  p ropor t iona l  t o  t .  The s t ra in  measurements made i n  t h e  a r e a  c l o s e  
t o  t h e  s t r i p  n e c k i n g  zone ind ica te  tha t  p las t ic  deformat ion  spreads  outs ide  
of the necking zone. A more de ta i led  d iscuss ion  on t h e  s t r a i n  measurements 
i n  t h e  s t r i p  n e c k i n g  r e g i o n  was given in  an e a r l i e r  p a p e r  (27) .  
For small s c a l e  y i e l d i n g  i n  an e las to-p las t ic  p la te  wi thout  necking ,  the  
E i s  l i n e a r l y   p r o p o r t i o n a l   t o  K. When necking takes place E i s  propor- 
t i o n a l  t o  K . A s  a crack  propagates,  K and r increase .  When r i s  suf-  
f i c i en t ly  l a rge ,  neck ing  t akes  p l ace ,  and t h e  r a t e s  o f  i n c r e a s e s  i n  r and t h e  
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s t r a ins  in  the  neck ing  r eg ion  become faster than those given by a two- 
dimensional plane stress model.  If crack growth i s  caused by cyclic deforma- 
t i o n ,  da/dN should increase with a much faster rate af te r  necking  takes  p lace .  
If da/dN i s  expressed in  terms of  Ae, n should be larger  than 2,  and Equa- 
t i o n s  (1, 2,  7 and 8 )  a r e  no longer   appl icable .   Liu (3 )  has suggested 
e a r l i e r  t h a t  a p l a n e  s t r e s s  model i s  appl icable  to  ana lyze  fa t igue  c rack  
growth i n  t h i n  p l a t e s .  The above ana lys i s  and t h e  e m p i r i c a l  r e s u l t s  c l e a r l y  
indicate  the contrary.  Therefore  we m a y  conclude t h a t  Equations (1, 2,  7 and 
8)  a re  app l i cab le  on ly  to  th i ck  p l a t e s  when r i s  s m a l l .  
YY 2 YY 
P  P 
P 
13 
V. THE EFFECTS  OF  MATERIAL HOMOGENEITY 
In  the  de r iva t ions  o f  Equa t ions  (1, 2, and 8) the deformation and f rac-  
t u r e  p r o p e r t i e s  o f  a material were assumed t o  b e  homogeneous. The material 
homogeneity does not mean t h a t  t h e  stress s t r a i n  c h a r a c t e r i s t i c s  are t h e  
same throughout a specimen at any i n s t a n t .  It r a t h e r  means t h a t  t h e  m a t e r i a l  
w i l l  e x h i b i t  t h e  same s t r e s s - s t r a i n  c h a r a c t e r i s t i c s ,  arter experiencing the 
same s t r e s s - s t r a i n  h i s t o r y .  The m a t e r i a l  near a crack t i p  having experienced 
a number o f  h i g h  s t r a i n  c y c l e s  will e x h i b i t  d i f f e r e n t  s t r e s s - s t r a i n  c h a r a c -  
t e r i s t i c s  from t h e  material far away from a crack. 
R e a l  materials always contain various types of inhomogeneity such as 
point  defects ,  dis locat ions,  different  phases  of an alloy, grain boundaries,  
e t c .  The processes  of  plast ic  deformation and fracture  are inherent ly  in-  
homogeneous  due t o  t h e  f a c t  t h a t  materials a r e  d i s c r e t e  i n  n a t u r e  r a t h e r  
than continuous. Only the average propert ies  over  a l a r g e  enough  volume can 
be considered as homogeneous. 
The generation and the movement o f  d i s loca t ions  cause  p l a s t i c  deforma- 
t ion .  F igure  (11) shows a g l i d e  lamella and s l ip  s t eps  caused  by  p l a s t i c  
deformation  of a s ing le  c rys t a l .  Ex tens ive  p l a s t i c  de fo rma t ion  i s  concen- 
t r a t e d  i n  s l i p  bands separated by  undeformed lamel la .  The th’ckness  of  an 
undeformed packet i n  an aluminum s ing15  c rys t a l  i s  about 200 B and t h e  
h e i g h t  o f  t h e  s l i p  s t e p s  i s  about 2000A ( 2 8 ) .  When a c r y s t a l  i s  not op- 
timumly o r i e n t e d  f o r  s i n g l e  s l i p ,  s e v e r a l  s l i p  s y s t e m s  w i l l  b e  a c t i v a t e d  
s imultaneously.  Mult iple  s l ips  within a band have orten been observed ( 2 9 ) .  
The spacings between s l i p  bands decrease as s t r a i n  i n c r e a s e s .  
When a s i n g l e  c r y s t a l  i s  cycl ical ly  deformed,  subgrains  are  formed (30) .  
The s ize  of  the  subgra in  decreases  as the  cyc l i c  s t r a in  ampl i tude  inc reases .  
A subgrain  boundary  consists  of numerous d i s l o c a t i o n s .  These d i s loca t ions  
i n  a subgrain boundary must be generated by cycl ic  plast ic  deformation.  Al 
of  these  s tud ie s  ind ica t e  the  inhomogeneous na ture  of  p las t ic  deformat ion ,  
i .e .  extensive plast ic  deformation concentrates  on ce r t a in  p l anes  which a r e  
separated by regions of l i t t l e  or no plast ic  deformation.  Only the average 
plast ic  deformation over  a l a r g e  enough volume can be considered as homo- 
geneous. 
Plast ic  deformation can cause the formation of  microcracks.  Stokes and 
L i  (31) have found tha t  microcracks  in  sodium ch lo r ide  ex tend  to  form s l i t s  
along channels between s l i p  bands. This i s  because a s l i p  band r e s i s t s  
crack propagation across them but  it enhances propagat ion paral le l  to  them. 
They found t h a t  l o c a l  p l a s t i c  c o n s t r a i n t  i s  t h e  main f ac to r  r e spons ib l e  fo r  
extending a surface microcrack. Parker (32) has observed that a crack w a s  
nucleated i n  a M g O  s i n g l e  c r y s t a l  from the  shears  on  two i n t e r s e c t i n g  s l i p  
bands.  Cracking  has  been  observed a t  a kink  plane  in   z inc (33).  The crack 
i s  caused by t h e  s p l i t t i n g  i n  two of a tilt boundary a t  the kink plane.  
Furthermore,  the s t resses  and s t ra ins  a t  t h e  t i p  o f  a p i le -up  of  d i s loca t ions  
a r e  e q u i v a l e n t  t o  t h o s e  o f  a crack (34,351 . Stokes has shown t h a t  a crack can 
be nucleated by a d is loca t ion  p i le -up  at a b a r r i e r  ( 3 6 ) .  Hahn e t  al. (37) 
have shown that  local  heterogeneous deformations,  s l ip  bands or  twins,  may pro- 
v ide  cons t ra in t  and cause cracking i n  p o l y c r y s t a l  i r o n  and s t e e l .  Ryder  and 
Smale (38) have shown t h a t  t r a n s c r y s t a l l i n e  f r a c t u r e s  o f  a n  aluminum a l l o y  
containing 7.3% zinc and 2.6% magnesium are caused by the formation of lens- 
shaped  voids.  These  voids  cause  shallow  depressions on a f r ac tu re  su r face .  
A t  t he  cen te r  o f  a depression, a p a r t i c l e  of compound o f t e n  e x i s t s .  
It has been shown by photomicrographs that  fa t igue fracture  i s  i n i t i a t e d  
at loca l i zed  s l ip  mark ings  (39,bO).  As  t h e  number of  cyc les  of  load  in- 
creases  , a s l i p  marking develops into a surface crack.  In  2024-Tk aluminum 
a l loy ,  it has been found tha t  concent ra ted  s l ip  occurs  a round inc lus ions  (41 ) .  
Cracks are even tua l ly  nuc lea t ed  in  the  a rea  o f  s eve re  bu t  l oca l i zed  s l ip .  
The f rac tograph  in  F igure  (12)  shows the  f r ac tu re  su r face  o f  a c y c l i c a l l y  
loaded  specimen. The s t r i a t i o n s  and t h e  p a r t i c l e  i n d i c a t e  t h e  inhomogeneous 
f r ac tu re  p rope r t i e s  o f  t he  material elements on the  f r ac tu re  su r face .  
All of  these  s tud ies  ind ica te  that  f r a c t u r e  i s  a d iscre te  process .  The 
f r ac tu re  cha rac t e r i s t i c s  va ry  from one point  to  another  in  a s o l i d .  Only t h e  
average fracture  property,  over  a l a r g e  enough volume t o  t a k e  c a r e  o f  t h e  
s t a t i s t i c a l  v a r i a t i o n ,  i s  homogeneous. When one  measures  crack  propagation 
r a t e ,  a crack increment, Aa, and i t s  corresponding increment in load cycles,  
A N ,  a r e  measured.  Only the average properties of the increment Aa have t o  b e  
homogeneous. 
When the  cha rac t e r i s t i c  l eng th  pa rame te r s  o f  a par t icu lar  k ind  of  
material  inhomogeneity are much smaller  than a crack increment, &a, t h e  
average propert ies  of t he  ma te r i a l  ove r  6 a  can be considered as homogeneous. 
For example, i f  t he  s i z e  and the spacing of microcracks,  which are  generated 
by the  cyc l i c  p l a s t i c  de fo rma t ion ,  a r e  much smaller than 6 a ,  the  average  
effects  of  these microcracks on the deformation and f rac ture  proper t ies  over  
t he  a rea  6a can  be  considered as homogeneous. Therefore, the assumption of 
ma te r i a l  homogeneity i s  s a t i s f i e d .  
Commercial s t ruc tura l  mater ia l s  of ten  conta in  reg ions  of  low f r a c t u r e  
strength such as t h e  b r i t t l e  p a r t i c l e  i n  F i g u r e  ( 1 2 ) .  O f t e n  t h e  p e r c e n t a g e  
of  t h e s e  low s t rength  reg ions  i s  low. When AK i s  low, the spacing between 
t h e  p a r t i c l e s  i s  much l a rge r  t han  &a, and the  pa th  of  the  fa t igue  c rack  i s  
not  dis turbed by t h e  p a r t i c l e s .  I n  this  case ,  t he  e f f ec t s  o f  t hese  pa r t i c l e s  
on fat igue crack propagat ion i s  neg l ig ib l e ,  and the  ma te r i a l  can be  con- 
s idered  as "homogeneous". 
On the o ther  hand ,  the  coherent  prec ip i ta t ion  par t ic les  in  an aluminum 
a l loy  a re  ve ry  s m a l l .  A t  t h e  optimum s t r e n g t h  l e v e l  i t s  s i z e  i s  only a s m a l l  
f rac t ion  of  a micro-inch. The s t r eng th  o f  t hese  pa r t i c l e s  cou ld  be  e i the r  
s t ronger  or weaker t h a n  t h e  matrix. If a crack increment i s  seve ra l  micro- 
inches wide and each crack increment contains numerous p a r t i c l e s ,  t h e  material 
can be considered as homogeneous. 
Fatigue crack propagation can be normal separation mode or shear separa- 
t i o n  mode. M i c r o c r a c k s ,  b r i t t l e  p a r t i c l e s ,  and t r iaxial  state of stress en- 
hance t h e  normal separation mode. The d u c t i l i t y  of a material i n  g e n e r a l  
and t h e  l a c k  o f  m i c r o c r a c k s ,  b r i t t l e  p a r t i c l e s  and t r iaxial  state of stress 
enhance shear separation mode. 
If re >> r , i f  the  p l ane  s t r a in  cond i t ion  p reva i l s ,  and i f  t h e  material 
can b e  c o n s i d e d d  as homogeneous, at var ious stages of  crack propagat ion,  the 
region ahead of a c r a c k  t i p  can be scaled by r so t h a t  a t  geometr ical ly  
s i m i l a r  p o i n t s  t h e  p a s t  stress and s t r a i n  h i s t g r i e s  t o g e t h e r  w i t h  t h e  p r e s e n t  
deformation and fracture properties are t h e  same. Therefore  the  ex ten t  of  
crack growth by e i t h e r  normal or shear  separa t ion  mode must be proport ional  
t o  t h e  c h a r a c t e r i s t i c  l e n g t h  r . When t h e  c h a r a c t e r i s t i c  l e n g t h  o f  a d is -  
Crete deformation or fracture process,  which i s  e s s e n t i a l  t o  t h e  mechanism 
of  fa t igue crack propagat ion,  i s  comparable t o  d a y  t h e  m a t e r i a l  can no 
longer  be  t rea ted  as homogeneous, and t h e  c h a r a c t e r i s t i c  l e n g t h  h a s  t o  b e  i n -  
c luded in  an ana lys i s .  In  the  fo l lowing  sec t ion ,  a shear separa t ion  mode of 
fa t igue crack propagat ion w i l l  b e  i l l u s t r a t e d  and the  e f fec t  o f  the  charac-  
t e r i s t i c  l e n g t h  of the  d iscre te  shear  deformat ion  process  on fa t igue  c rack  
growth w i l l  b e   i l l u s t r a t e d .  
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V I .  FATIGUE CRACK PROPAGATION - A MODEL OF SHEAR SEPARATION MODE 
A crack can grow i n  a shear  separa t ion  mode caused by s l ips  on two sets 
of orthogonal shear planes.  Figure (13a) shows a c r a c k  t i p  a n d  i t s  immediate 
v i c i n i t y .  On the  p l ane  o f  t he  c rack ,  t he re  i s  no shear  stress, t h e r e f o r e  t h e  
shea r  p l anes  fo r  t he  s ta te  of  p lane  s t ra in  deformat ion  m u s t  be i n c l i n e d  45' 
t o  t h e  p l a n e  o f  t h e  c r a c k  as shown i n  t h e  f i g u r e .  As  discussed earlier, 
shear deformation i s  not  a homogeneous process.  It concent ra tes  on  cer ta in  
s l i p  p l anes ,  s epa ra t ed  by reg ions  of  low or no deformation. L e t  us assume 
t h a t  t h e  s h e a r  l i n e s  i n  Figure (13a) are the  shea r  planes. A t  f i r s t ,  t h e  
s h e a r  l i n e  ' r ~ "  i s  ac t iva ted .  The upper l e f t  hand  s ide  o f  t he  so l id  moves 
i n   t h e   d i r e c t i o n   o f   t h e   s h e a r   l i n e   u n t i l   t h e   t i p  of the  upper crack sur- 
f ace  r eaches  the  shea r  l i ne  "b" as shown in  F igu re  (13b) .  In  th i s  p rocess ,  
a new segment o f  t he  c rack  su r face  i s  created along the s h e a r  l i n e  a. A s  
t h e  l o a d  i s  f u r t h e r  i n c r e a s e d ,  t h e  s h e a r  l i n e  "b" i s  ac t iva t ed ,  t he  lower  
l e f t  hand s i d e  o f  the  s o l i d  moves i n  t h e  d i r e c t i o n  o f  t h e  l i n e  "b". After 
t h e  shear movements o n  s l i p  p l a n e s  CY and b y   t h e  new crack configurat ion i s  
shown in  F igu re  (1%) . 
This  process   can   be   repea ted   success ive ly   a long   shear   l ines ,  and C .  
After t h e  shear deformations on the second set  o f  s h e a r  p l a n e s ,  t h e  c r a c k  t i p  
i s  advanced t o  a new pos i t i on  as shown in  F igure  (13d) .  After a g r e a t  number 
o f  shea r  l i nes  are ac t iva t ed  du r ing  the  load ing  cyc le ,  t he  c rack  p ro f i l e  at 
t h e  maximum load  i s  g iven  in  F igu re  (13e). 
When t h e  specimen i s  unloaded the shear deformations along the  shear  
l i n e s  w i l l  be reversed. However the reversed shear  deformation w i l l  b e  less 
than the forward shear motion. Therefore t he  newly formed crack surfaces 
will not grow backwards. T h i s  i s  obvious i f  one considers a s l i p  band as a 
shear crack w i t h  i n t e r n a l  f r i c t i o n a l  shear stress ac t ing  on the  c rack  sur -  
faces .  An e l a s t i c   c r a c k  i s  shown in   F igu re  (14a).  When t h e  specimen i s  
loaded, a shear  s tep  i s  formed as shown i n  F i g u r e  (14b) .  If t h e r e  i s  no 
f r i c t i o n a l  s h e a r  stress on the  crack surfaces ,  upon unloading,  the shear  
s t e p  w i l l  disappear and t h e  specimen i s  reverted t o  i t s  or ig ina l  shape  as 
shown in  F igu re  (14a). If a f r i c t i o n a l  s h e a r  s t r e s s  e x i s t s  between the crack 
surfaces ,  upon unloading ,  the  shear  s tep  w i l l  be reduced but it does not d i s -  
appear  en t i re ly  as shown i n  F i g u r e  ( 1 4 ~ ) .  The s l i p  b a n d s  are e q u i v a l e n t  t o  
shear  c racks  wi th  f r ic t iona l  shear  stress between crack surfaces.  Closer to 
t h e  new c rack  t i p ,  t he  pe rcen t  o f  t he  shear deformation recovered during the 
unloading  Cycle  would be higher.  Therefore upon unloading ,  the  c rack  prof i le  
i s  given i n  F i g u r e  (13f).  
I n  the  p rocess  o f  t h e  shear  separa t ion  mode of  c rack  growth ,  the  p las t ic  
deformation i s  not  l imi t ed  t o  a narrow s t r i p  s u c h  as suggested by Dugdale 
model (23 ) .  Therefore the opening displacement a t  a c r a c k  t i p  w i l l  be much 
less than  tha t  g iven  by  the Dugdale  model. Nevertheless i f  the  area ahead 
of t h e  c r a c k  t i p  c a n  be sca l ed  by r so t h a t  as a crack propagates  the con- 
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d i t i on  o f  geomet r i c  s imi l i t ude  i s  ma in ta ined ,  t he  c rack  t i p  open ing  dis- 
placement i s  p r o p o r t i o n a l  t o  r and AK . Therefore  da/dN i s  p r o p o r t i o n a l  t o  2 
AK . 2 P 
When the  spac ings  be tween the  ne ighbor ing  ac t iva ted  shear  l ines  are much 
smaller than the crack increment  6a, the deformation can be considered as 
"continuous" and the average deformation property over 6a i s  homogeneous. 
In  th i s  ca se ,  Equa t ions (1 ,  2 ,  and 8 )  are va l id .  
The region I1 d a t a  i n  F i g u r e  (1) s u b s t a n t i a t e s  t h e  v a l i d i t y  o f  E q u a t i o n  
(8b). In  region I o f  t h e  figure, Equation (8b) i s  not  val id ,  but  Equat ion 
(6 )  or ( 7 )  i s  appl icable .  I n  th i s   r eg ion ,   bo th  AK and da/dN are low.  The 
s lope  o f  t he  cu rve  in  th i s  r eg ion  i s  o f t e n  e q u a l  t o  or more than 4. The 
t r a n s i t i o n  from region I t o  r e g i o n  I1 of ' t en  t akes  p l ace  in  the  da/dN range 
o f  1 t o  5 l.~ i n / c y c l e .  T h i s  t r a n s i t i o n  p o i n t  i s  approx ima te ly  equa l  t o  the  
thickness   of   the   undefomed  packet  as shown i n  F i g u r e  (11). This   thickness  
could  be  the  separa t ion  of  the  ne ighbor ing  shear  l i n e s  of the shear  separa-  
t i o n  mode of  fa t igue  c rack  propagat ion  as shown i n  F i g u r e  (13) .  If t h e  
crack growth rate i s  less than the separat ion between neighboring shear  l ines ,  
t h e  s h e a r  s t e p  on t h e  s h e a r  l i n e  c1 i n  Figure (13a) does not reach the shear 
l i n e  b .  Upon unloading ,  the  length  of  the  shear  s tep  w i l l  be reduced by the 
reversed  shear  flow.  Thus,  the  crack  growth ra te  i s  much less.  This may 
account  for  the  sharp  drop  in  da/dN as AK i s  reduced t o  below t h e  t r a n s i t i o n  
po in t .  The re fo re  in  r eg ion  I ,  the  d i sc re t e  na tu re  o f  shea r  de fo rma t ion  has  
t o  b e  t a k e n  i n t o  c o n s i d e r a t i o n ,  and t h e  material cannot be considered as 
homogeneous. Consequently the assumption of material homogeneity i n  t h e  
der ivat ions of  Equat ions (1, 2, and 8 )  i s  no longe r  va l id ,  and the experi-  
menta l  da ta  ind ica te  tha t  the  equat ions  are no t  app l i cab le  in  r eg ion  I. 
Commercial s t r u c t u r a l  metals a re  po lyc rys t a l s .  The g r a i n  o r i e n t a t i o n  
va r i e s  from  one t o  t h e  n e x t .  Because of  the complicated multiaxial crack 
t i p  stress f i e l d ,  it i s  most l i k e l y  t h a t  several s l i p  systems a re  ac t iva t ed .  
The macroscopic plastic deformation i s  t h e  result o f  d i s loca t ion  movements 
on t h e s e  s l i p  systems, and t h e  a n i s o t r o p i c  e f f e c t s  o f  g r a i n  o r i e n t a t i o n  are 
"smoothed" ou t .  For an i s o t r o p i c  s o l i d ,  t h e  s l i p  l i n e s  are inc l ined  45' t o  
t he  p l ane  o f  t he  c rack .  The anisotropic deformation property of a c r y s t a l  
changes the  angle  o f  i n c l i n a t i o n .  We have discussed shear and  normal  separa- 
t i o n  modes separately,  but  fa t igue crack propagat ion i s  most l i k e l y  t h e  re- 
sult of  the combinat ion of  both.  
V I I .  DISCUSSIONS 
Fat igue crack propagat ion can be ana lyzed  in  terms of  energies  or plas-  
t i c  deformation.  Par is  (8) and Roney (17) relate fat igue crack propagat ion 
rate to  p l a s t i c  de fo rma t ion  ene rgy  nea r  a c r a c k  t i p .  Energy c r i t e r i o n  h a s  
been widely used to  analyze physical  phenomena. Often two energy quantit ies 
are involved  in  such  ana lyses .  For example, the e l a s t i c  e n e r g y  r e l e a s e d  by 
a cracked sol id  and the energy of  the newly formed crack surfaces were used 
b y  G r i f f i t h  t o  a n a l y z e  b r i t t l e  fractures. Such  an analysis involving two 
energy  quant i t ies  g ives  a good i n s i g h t  i n t o  the physical problem. 
The a l t e rna t ive  to  an  ene rgy  ana lys i s  i s  t o  s t u d y  t h e  e f f e c t s  o f  c r a c k  
t i p  deformation on fat igue crack propagat ion.  Both crack t ip  opening dis-  
placement and near t i p   s t r a i n  have been used t o  analyze fatigue crack growth. 
The experimental  data  on c rack  t i p  de fo rma t ion  s t rong ly  sugges t  t ha t  t he  
Dugdale model i s  a p p l i c a b l e  o n l y  t o  the case  of  c rack  t ip  necking .  Necking 
takes  p lace  only  when a p l a t e  i s  t h i n  and t h e  p l a s t i c  zone i s  l a r g e  enough 
t o  cause  s l i p s  on two mutual ly  perpendicular  shear planes as shown i n  F i g u r e  
( 9 ) .  Therefore Dugdale  model i s  n o t  a p p l i c a b l e  t o  c a l c u l a t e  t h e  c r a c k  t i p  
opening displacement  in  a p l a n e  s t r a i n  c a s e  i n  a t h i c k  p l a t e .  However, a 
s imple dimensional  analysis  indicates  that  the crack t ip  opening displacement  
i s  p r o p o r t i o n a l  t o  AK* f o r  s m a l l  s c a l e  y i e l d i n g .  
Two major  object ives  of  fa t igue crack propagat ion invest igat ions are t o  
c o l l e c t  data for  engineer ing designs and sa fe ty  in spec t ions  and to  ana lyze  
t h e  material property with the purpose of  improving the resis tance of  a 
material to  fa t igue  c rack  propagat ion .  If one 's  pr imary object ive i s  t o  
c o l l e c t  d a t a  f o r  d e s i g n s  and sa fe ty  in spec t ions ,  one can f i t  t h e  data w e l l  t o  
an empirical equation, which contains enough parameters;  then use t he  equa- 
t i o n  t o  a c h i e v e  i t s  engineer ing object ives .  The s p e c i f i c  form o f  t h e  equa- 
t i o n  and the  spec i f i c  phys i ca l  model for  fa t igue  c rack  propagat ion  are not 
important.  On the  o t h e r  hand, i f  the main ob jec t ives  are t o  e v a l u a t e  a n d  t o  
improve ma te r i a l s ,  t he  phys ica l  model and t h e  form of an equation become 
import  ant. 
The d a t a  i n  r e g i o n  I and region 11 are more meaningful  for  the evaluat ion 
o f  t he  r e s i s t ance  o f  a material to  fa t igue  c rack  propagat ion .  The data i n  
region I11 i s  complicated by crack t i p  necking. In the necking region, the  
e f f e c t s  o f  the ma te r i a l  p rope r t i e s  a re  mixed with the  compl ica ted  p las t ic  
deformation pattern a t  a c rack  t ip .  In  conclus ion ,  one should use a t h i c k  
specimen f o r  material evaluat ion so t h a t  p l ane  s t r a in  case  i s  insured.  
If the  deformation and fracture properties of a material can be con- 
s idered  homogeneous, i f  the condi t ion O f  p l a n e  s t r a i n  i s  satisfied, and i f ,  
r >> r we have e P Y  
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da/d.N = f6 (R) AK 2 
This  r e l a t ion  i s  v a l i d  f o r  b o t h  shear and/or normal separation mode. It 
shou ld  be  emphas ized  tha t  t h i s  r e l a t ion  i s  no t  t he  gene ra l  law of fatigue 
crack propagation. But  i f  t h e  above mentioned conditions are all s a t i s f i e d ,  
t h i s  r e l a t i o n  h a s  t o  b e  c o r r e c t .  Any exper imenta l  da ta  tha t  devia tes  from 
t h i s  r e l a t i o n  must be caused by the fact  that  one or more of  these condi t ions 
are not complied with.  Therefore this analysis he lps  one  to  ana lyze  and  to  
evaluate  experimental  data .  
For a p a r t i c u l a r  p h y s i c a l  model of  fa t igue crack propagat ion,  based on 
e i the r  shea r  o r  normal separa t ion  mode, i f  one uses a two-dimensional model 
to  ana lyze  fa t igue  c rack  propagat ion  in  the  low AK region,  and i f  one assumes 
material homogeneity, the mere f a c t  t h a t  t h e  d a t a  show a r e l a t i o n  o f  t h e  t y p e  
of Equation (8b) does not offer any verification of the specific model. For 
example Lehr and Liu (4) have proposed a mechanical model of  fa t igue  c rack  
propagation. They assumed t h a t  a material element ahead of a c r a c k  t i p  i s  
damaged b y  c y c l i c  p l a s t i c  s t r a i n .  They used  Manson-Coffin’s s t r a i n  con- 
t r o l l e d  f a t i g u e  law and Miner’s 
for  fa t igue  c rack  propagat ion .  
d a / m  = C4 
cumulative damage l a w  t o  d e r i v e  an equation 
where C4 i s  a constant ,  CI 
y i e l d  s t r a i n  and M i s  t h e  s t r a i n  r a n g e  at a c y c l i c  f a t i g u e  l i f e  o f  one cycle 
f o r  a smooth specimen.  In  the der ivat ion,  a two-dimensional model was used 
Y(c) and E Y(c> axe c y c l i c  y i e l d  s t r e s s  and cyc l i c  
and material homogeneity  and the  cond i t ion  tha t  r >> r were assumed. e P 9  
Therefore  the mere f a c t  t h a t  t h e  d a t a  i s  p r o p o r t i o n a l  t o  AKL does not verify 
the proposed cumulative damage model. The model can be  ve r i f i ed  on ly  i f  all 
the  ma te r i a l  cons t an t s ,  AK, and da/dN agree with the equat ion.  
It should be recognized that  the analysis  i s  based on an  e l a s to -p la s t i c  
model. This ana lys i s  does  not  take  ra te  sens i t ive  materials into  considera-  
t i o n  n o r  any crack growth mechanisms t h a t  are r a t e  s e n s i t i v e .  The analyses 
on crack growths in  viscoelast ic  materials and t h e  d i f f u s i o n  c o n t r o l l e d  and 
chemical  react ion rate  control led crack growth mechanisms have y e t  t o  be done. 
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A t  a constant value of R, da/dlV i s  p r o p o r t i o n a l  t o  "a" i f  a p l a t e  
i s  l a r g e  and t h i c k ,  i f  the average deformation and f rac ture  pro-  
per t ies  over  the  c rack  increment ,  A a ,  are homogeneous, and i f  t h e  
c h a r a c t e r i s t i c  d i s c r e t e  l e n g t h s  of the deformation and f r a c t u r e  
processes  are  smaller  than the crack increment  per  cycle ,  &a. The 
las t  two condi t ions are r e f e r r e d  t o  as the  condi t ions  of  "mater ia l  
homogeneity". The condi t ion r >> 1' i s  not  necessary.  
e P 
da/dN i s  a fbnct ion of  AK and R ,  i f  a p l a t e  i s  t h i c k  enough so t h a t  
p l ane  s t r a in  cond i t ion  p reva i l s  and i f  t h e  a p p l i e d  s t r e s s  i s  l o w  i n  
comparison with the yield s t rength.  The condi t ions of  "mater ia l  
homogeneity" are  not  necessary.  
d a / m  i s  p r o p o r t i o n a l  t o  A K ~  a t  a given value of R ,  if a p l a t e  i s  
t h i c k  enough, i f  t he  app l i ed  s t r e s s  i s  low i n  comparison with the 
y i e l d  s t r e n g t h ,  and i f  the condi t ions of  homogenei ty  are  sat isf ied.  
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APPENDIX:  DIMENSIONAL  ANALYSIS ON TKE: ELASTO-PLASTIC  STRESSES AND STRAINS 
AT HOMOLOGOUS POINTS  OF  GEOMETRICALLY SIMILAR SOLIDS AND CRACKED 
PLATES 
The T theorem i s  o f t e n  u s e d  t o  make dimensional analysis (42)  Accord- 
ing to  this  theorem, several  independent  dimensionless  parameters  are formed 
to  co r re l a t e  expe r imen ta l  da t a .  A cor rec t  choice  of  a s e t  of dimensionless 
parameters gives a meaningful empirical  correlation. On the  o ther  hand ,  
a wrong choice of the parameters  may lead  to  e r roneous  conclus ions .  This  
d i f f i c u l t y  can be avoided i f  t h e  b a s i c  p h y s i c a l  laws of  a problem are known 
and can be wri t ten in  mathematical  equat ions.  These equat ions help to  choose 
a s e t  o f  meaningful dimensionless parameters.  In this study, the geometri-  
c a l l y  similar s o l i d s  made o f  t he  same ma te r i a l  w i l l  be analyzed. For such 
so l ids ,  the i r  geometr ic  shapes  a re  the  same.  The only  d i f fe rence  i s  i n  t h e i r  
s i z e s .  The s ize  of  such a s o l i d  can be specified by a cha rac t e r i s t i c  l eng th ,  
L .  The set o f  equations that govern the s t r e s s e s  and s t r a i n s  i n  t h e s e  
s o l i d s  can be  wr i t ten  as follows: 
ao 
A=  0 axi 
E + E  - E  = o  i j  ,kR k l l , i j   i k ,  jll j l l , ik  "E 
1 aui +A"--] 
au auk auk 
axi axi ax 
j 
E = - [ -  
j 
i j  2 ax 
1 
3si .  d ds e f f  + i j  de = 
i j  2a e f f  H' 2G 
dc = d o  (1-2v ) ii E ii 
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where IS and E are stress and s t r a in   t enso r s ;   and  e are dev ia to r i c  
stress and s t r a i n   t e n s o r s ;  IS i s  e f f e c t i v e  stress; H i s  t h e   s l o p e   o f   t h e  
e f f e c t i v e  stress p l a s t i c  s t r a i n  c u r v e ;  E,  G, and v are Young's modulus, shea r  
modulus  and Po i s son ' s  r a t io  r e spec t ive ly ;  and U. and X. are dimensionless 
displacement vector and the coordinates which are def ined as 











u and x are displacement  vector  and  the  coordinate  system. The summation 
convention of index notation i s  used; and the comma between indices denotes 
d i f f e r e n t i a t i o n .  For de ta i led  d iscuss ions  on the  index  nota t ion ,  readers  
are r e fe r r ed   t o   Re fe rence  (43) .  If t h e  geometr ical ly  similar s o l i d s  are 
sca l ed  by  the i r  r e spec t ive  L ' s ,  t h e  geometry  of  the  so l ids  in  t h e  X space 
are i d e n t i c a l .  These e q u a t i o n s  i n d i c a t e  c l e a r l y  t h a t  w i t h  t h e  same appl ied  
s t r e s s e s  on the   boundar ies ,   spec i f ied   in   t e rms   of  X t h e  stresses and 
s t r a i n s  at homologous po in t s ,  Xi,  i . e .  a t  geometr ical ly  similar p o i n t s ,  must 




The above conclusion i s  va l id  fo r  geomet r i ca l ly  similar e l a s t o - p l a s t i c  
so l ids  under  the  same s t ress  boundary conditions at geometr ical ly  similar 
poin ts 'on  the  boundar ies .  A concent ra ted  force  F. on a boundary can be 
t r e a t e d  as a very  high stress ac t ing  on a s m a l ?  a r ea  AA. That i s  
i 
For a concent ra ted  l ine  force  ac t ing  on t h e  boundary of a p l a t e ,  t h e  con- 
di t ion of  ident ical  boundary stress at the  geometr ica l ly  similar poin ts  re -  
qu i res  tha t  t h e  f o r c e  i s  l i n e a r l y  p r o p o r t i o n a l  t o  t h e  s i z e  o f  t h e  p l a t e ,  i n  
o r d e r  t o  have  iden t i ca l  s t r e s ses  and s t r a i n s  a t  homologous p o i n t s  i n  geo- 
me t r i ca l ly  similar s o l i d s .  
The preceding condi t ion imposed on t h e  l i n e  f o r c e  o f  two-dimensional 
problems can  be  i l lus t ra ted  by  the  e las t ic  ca lcu la t ion  of  the  s t resses  in  
t h e  v i c i n i t y  o f  a crack t i p   i n  a c e n t r a l l y  c r a c k e d  i n f i n i t e  p l a t e  w i t h  two 
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opposi te  wedge fo rces  ac t ing  a t  t h e  mid-points of the cracked surfaces as 
shown schemat i ca l ly   i n   F igu re  ( 2 )  . 
F =  aAA lim AA -t 0 
- l i m  
AW -f 0 u t  AW 
where W i s  the  wid th  of  the  nar row s t r ip  of  the  area on which the  concent ra ted  
force  i s  acting and t i s  the  th i ckness  o f  t he  p l a t e .  The stresses i n  t h e  
v i c i n i t y  o f  t h e   c r a c k   t i p   p l i e d  stress, u , and t h e  
c h a r a c t e r i s t i c  c r a c k  t i p  
i n  t h e  v i c i n i t y  o f  t h e  c r a c k  p o i n t  can be wri t ten as 
Therefore  the  stresses 
(A10 1 
Subs t i t u t ing  (A9) i n t o  ( N O ) ,  one obta ins  
where C and C6 are cons tan ts .  The cond i t ion   o f   s imi l a r i t y   r equ i r e s   t ha t  
AW i s  propor t iona l  to t he  crack  gength, a. Hence 
5 
where C i s  a propor t iona l   cons tan t .  The elast ic  c a l c u l a t i o n   i n d i c a t e s   t h a t  3 
The constant C in   Equat ion  (A12) i s  e q u a l   t o  $II.- It should  be  not iced 
t h a t  t h e  above discussion on t h e  s t r e s s  i n t e n s i t y  f a c t o r  i s  f o r  an e l a s t i c  
cracked plate .  Our ear l ie r  conclus ion  for  geometr ica l ly  similar s o l i d s  i s  
v a l i d  f o r  gene ra l  e l a s to -p la s t i c  so l id s .  The e l a s t i c  example i s  only a 
spec ia l  case .  
3 
The above conclusions are v a l i d  f o r  problems which have only one charac- 
t e r i s t i c  l e n g t h .  For problems involving more than  one  quant i ty  wi th  l inear  
dimension, such as t h i c k n e s s ,  g r a i n  s i z e ,  l a t t i c e  s p a c i n g  e t c .  , t h e  above 
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FIGURF: (lb) FATIGUE-CRACK-PROPAGATION  DATA FOR HIGH  STRENGTH  STEELS. (Ref. 22) 
F 
FIGURE (2) A CRACK  IN AN INFINITE  PLATE  WITH  TWO  WEDGE  FORCES. 
Y 
FIGURE ( 3 )  SCHEMATIC  REPRESENTATION  OF re AND r NEAR A CRACK  TIP. P 
31 
FIGURE: (4) SCHEMATIC DIAGRAM SHOWING THE PLASTIC ZONE.  ONLY HALF OF TKE 
ZONE IS SHOWN. THE PLANE STRAIN PLASTIC ZONE I S  IMBEDDED. 
( C o u r t e s y  Mr. W. L.  Hu) 
32 
THICKNESS 
F I G U R E  ( 5 )  A TWO-DIMENSIONAL  SCHEMATIC  FIGURE OF A CFACK  FRONT. 
CRACK ELASTIC 
F I G W  ( 6 )  A S T R I P   N E C K I N G   Z O N E   I M B E D D E D   I N  A P L A S T I C   R F G I O N .  
33 
FIGURE ( 7 )  MOIRE: PATTERN OF A STEEL SPECIMEN: APPLIED STRESS 55 K S I ;  
0.2% OFFSET YIELD STRESS 91 KSI; YOUNG'S MODULUS 
32 X 1 0  PSI;  0.012 INCHES THICK; 6 INCHES  WIDE;  SLOT 
LENGTH 1 I N C H ;  PITCH OF MOIRE GRILLE 1/13,400 INCHES. 
6 
34 
FIGURE ( 8 )  OPENING  DISPLACEMENT ALONG CRACK L I N E :  c r y  5 5  K S I ;  ay, 91 KSI: E,  32 X 10  PSI; 6 
THICKNESS,  0.012 INCHES;  WIDTH, 6 INCHES;  SLOT  LENGTH, 1.0 INCH.  
F I G U R E  ( 9 )  SCHEMATIC  DIAGRAM  FOR  NECKING  ZONE  AHEAD O F  A  CRACK. 
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E ,  32 X 1 0  PSI: T H I C K N E S S  0.012 INCHES:   WIDTH,  6 I N C H E S ;  
SLOT LENGTH 1 . 0  I N C H .  
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FIGURE (11 ) A GLIDE LAMELLA. 





FIGTJRF, (13) S U C C E S S I V E  DISC.Rl3TE SHEAR SEPARATIONS  CAUSE  CRACK T I P  OPENING.  
(a), ( b ) ,  ( c ) ,  ( d )  SHEAR SEPARATION MOVEMENTS  ALONG SLIP L I N E S  
( f )  CRACK P R O F I L E  UPON  UNLOADING. - 














STEP - / 4" 
FIGURF (14) THE SLIP STEP OF A SHEAR CRACK UNDER  COMPRESSION  WITH FRICTIONAL SHEAR 
STRESS BETWEEN CRACK SURFACES (a) BEFORE  LOADING (b )  AT MAXIMUM COM- 
PRESSION ( c  ) UPON UNLOADING. 
